A new generalization of Grassmannians in supergeometry, called ν−Grassmannians, are constructed by gluing ν−domains. By a ν−domain, we mean a superdomain with an odd involution say ν on its structure sheaf, as morphism of modules. Then we show that ν−Grassmannians are homogeneous superspaces. In addition, in the last section, a supergroup associated to the odd involution ν is introduced.
Introduction
In this paper, we introduced a super Lie group in section 4. As far as we know, such a super Lie group has not previously been reported in existing resources. Every thing start from our attempt to generalizing the concept of Chern classes in supergeometry. For this, the classifying space approach was considered. One can show that the supergrassmannians are not suitable candidate as classifying spaces. See [1] and [8] .
For this reason, we introduced a new generalization of Grassmannians in supergeometry called ν−Grassmannians. These spaces are constructed by using an odd involution on superdomains [2] . It is shown that the canonical super vector bundle over ν−Grassmannians are universal. In addition, there are cohomology elements, associated to these bundles, which play role as universal Chern classes . See [1] and [8] for more details.
Since these spaces are constructed by gluing superdomains, it is good to have a global description for ν−Grassmannians. In order to solve this problem, we show ν−Grassmannians are homogeneous superspaces. While studying the homogeneity of ν−Grassmannians, we find a new supergroup associated to the odd involution ν. One may see more details in the last section. In [1] , [2] , [7] and [8] , different properties of ν-Grassmannians are studied. These works may be considered as the initial steps in introducing ν−supergeometry.
In the first section, we begin by elementary category theory and studying supermanifolds as ringed spaces with particular conditions. We define the category of super Lie groups and super Harish-Chandra pairs as two equivalent categories. Also, we study the actions of super Lie groups on supermanifolds.
In the second section, we explain the construction of ν−Grassmannians by gluing superdomains. In the third section, we will show that the super Lie group GL(m|n) acts on the supermanifold ν G k|l (m|n) transitively and it follows that ν G k|l (m|n) are homogeneous superspaces. In the last section, we will introduce a super Lie subgroup of GL(m|n) associated the involution ν.
Preliminaries
In this section, we introduce the basic definitions and results concerning category theory, supermanifolds, ν-manifolds, super Lie groups and action of a super Lie group on a supermanifold and super Harish-Chandra pairs. See [5] and [12] for further details.
1.1. Category theory. Let C be a locally small category, and X be an object in C. For any T ∈ Obj(C), the set X(T ) := Hom C (T, X) called T -points of X. Let SET be the category of sets and consider the following functor Corresponding to each morphism ψ : X → Y in C, there exists a natural transformation ψ(.) from X(.) to Y (.). So for each object T, one can define the map ψ(T ) : X(T ) → Y (T ) with ξ → ψ • ξ . Now set:
where [C, SET] is the category of functors from C to SET. Obviously, Y is a covariant functor and it is called Yoneda embedding. Yoneda lemma says that Yoneda embedding is full and faithful functor, i.e. the map
is a bijection for each X, Y ∈ Obj(C). According to Yoneda lemma, X, Y ∈ Obj(C) are isomorphic if and only if their functor of points are isomorphic. Yoneda embedding is an equivalence between C and a subcategory of representable functors in [C, SET].
Let X, Y are objects in a category and α, β : X → Y are morphisms between these objects. An universal pair (E, ǫ) is called equalizer if the following diagram commutes:
i.e., α • ǫ = β • ǫ and also for each object T and any morphism τ : T → X which satisfy α • τ = β • τ , there exists unique morphism σ : T → E such that ǫ • σ = τ . If equalizer existed then it is unique up to isomorphism. For example, in the category of sets, which is denoted by SET, the equalizer of two morphisms α, β : X → Y is the set E = {x ∈ X|α(x) = β(x)} together with the inclusion map ǫ : E ֒→ X 
is just a morphism between two super ringed spaces. For each supermanifold M , one can show that there exists a smooth manifold associated to M which is denoted by M and is called reduced manifold.
The category of supermanifolds, SM, is a locally small category and it has finite product property. Also, it has a terminal object R 0|0 , that is the constant sheaf R on a singleton {0}.
Let M = (M , O M ) be a supermanifold and p ∈ M . There exists the map j p = (j p , j p * ) as follows:
So, for each supermanifold T , one can define the morphism
as a composition of j p and the unique morphism T → R 0|0 . Definition 1.1. A super Lie group G is a supermanifold G together the morphisms µ : G × G → G, i : G → G, e : R 0|0 → G say multiplication, inverse and unit morphisms respectively, such that the following equations are satisfied
where 1 G is identity on G andê G is the morphism according to (1.1) for element e ∈ G and also △ G be the diagonal map on G.
Let G be a super Lie group, then the reduced manifold G is a Lie group with multiplication, inverse and unit morphisms induced by µ, i and e in above definition. Also, every super Lie group G induces a group structure over its T -points for any arbitrary supermanifold T . Then, the functor T → G(T ) takes values in category of groups. In addition, if S is another supermanifold and T → S is a morphism, then the corresponding map G(S) → G(T ) is a homomorphism of groups. One can also define a super Lie group as a representable functor T → G(T ) from category SM to category of groups. If such functor represented by a supermanifold G, then the maps µ, i, e are obtained by Yoneda's lemma and the maps µ T , i T and e T .
For example, let V be a finite dimensional super vector space of dimension m|n and let {R 1 , · · · , R m+n } be a basis of V for which the first m elements are even and the last n elements are odd. Consider the functor
where F maps each seupermanifold T to the group of even O(T )-module automorphisms of O(T )⊗V , and Grp is the category of groups. Consider the supermanifold 
Thus, we have
It can be shown that the functor F may be represented by X. For this, one may show that Hom(T, X)
To this end, first, note that
It is known that each ψ ∈ Hom(A(X), O(T )) may be uniquely determined by {g ij } where g ij = ψ(f ij ), see [10] . Now set Ψ(R j ) := Σg ij R i . One may consider Ψ as an element of
Thus the supermanifold X is a super Lie group and denoted it by GL(V ) or GL(m|n) if V = R m|n . Therefore T -points of GL(m|n) are the invertible even m|n × m|n supermatrices A B C D such that
and the multiplication can be written as the matrix product. There exists, up to isomorphism, a unique super Lie algebra, say g, associated to super Lie group G. Then one may write g = Lie(G). The super Lie algebra of G may be thought of all right (or left) invariant vector fields on G. Definition 1.2. Let M be a supermanifold and let G be a super Lie group with µ, i and e as its multiplication, inverse and unit morphisms respectively. A morphism a :
whereê M , ∆ M are as above. In this case, we say G acts from right on M . One can define left action analogously.
By Yoneda lemma, one may consider, equivalently, the action of G as a natural transformation:
is an action of group G(T ) on the set M (T ). This means for each Q 1 , Q 2 ∈ G(T ) and
wherep G andĝ M are the morphism (1.1) for p ∈ M and g ∈ G respectively. Equivalently, these maps may be defined as
Before next definition, we recall that a morphism between supermanifolds, say ψ : M → N is a submersion at p ∈ M , if (dψ) p is surjective and ψ is called submersion, if this happens at each point. (For more detail about this, One can refer to [5] , [10] ). ψ is a surjective submersion, if in addition ψ is surjective. Let G acts on M with action a : M × G → M . We say that a is transitive, if there exist p ∈ M such that a p is a surjective submersion. It is shown that, if a p be a submersion for one p ∈ M , then it is a submersion for all point in M . The following proposition will be required in the last section.
where q is the odd dimension of G.
Proof. See the proof of proposition 9.1.4 in [5] . Definition 1.4. Let G be a super Lie group and let a be an action of G on supermanifold M . By stabilizer of p ∈ M , we mean a supermanifold G p equalizing the diagram
It is not clear that such an equalizer exists. In this regard, there are two propositions as follow
is the stabilizer ofp T for the action of G(T ) on M (T ).
Proof. See the proof of proposition 8.4.7 in [5] .
Proof. See the proof of proposition 6.5 in [3] .
Super Harish-Chandra pairs.
In this section, we recall super HarishChandra pairs and their morphisms as a category equivalent to the category of super Lie groups. Definition 1.7. Let G 0 be a Lie group and let g = g 0 ⊕ g 1 be a super Lie algebra such that (a) g 0 ∼ = Lie(G 0 ) (b) G 0 acts on g via a representation σ such that σ(G) |g 0 = Ad and the differential of σ acts on g as the adjoint representation, that is,
Then the triple (G 0 , g, σ) or pair (G 0 , g) is called a super Harish-Chandra pair.
A morphism between two super Harish-Chandra pairs is a pair of morphisms (ψ 0 , ρ ψ ) that preserves the structure of super Harish-Chandra pair. More precisely,
and (H 0 , h, τ ) be two super Harish-Chandra pairs. A morphism between them is a pair (ψ 0 , ρ ψ ) such that
For example, let G be a super Lie group, the pair ( G, g) given by the reduced Lie group G of G and the associated super Lie algebra g is a super Harish-Chandra pair with respect to the adjoint action of G on g of G. One can show that the super Harish-Chandra pairs with their morphisms form a category that is denoted by Shcp. Also, the functor
is bijective. See [5] for more details.
The following definition defines an action of a super Harish-Chandra pair on a supermanifold. Definition 1.9. We say that a super Harish-Chandra pair (G 0 , g) acts on a supermanifold M if there is a pair (a, ρ) such that the following holds:
( See [5] for proofs of these two propositions. Definition 1.12. We say Y ∈ Vec(M ) is right invariant vector field associated to action a, if there exists a right invariant vector field X on G such that ρ a (X) = Y.
We denote the set of all such vector fields on M by Vec R (M )
ν -grassmannians
Supergrassmannians are introduced by Manin in [6] . In this section, we study ν-grassmannians, a new generalization of Grassmannians in supergeometry. For this, we recall some concepts and definitions from [2] and [11] . By a ν-domain, we mean a superdomain R m|n with an odd involution
where ∧ e R n and ∧ • R n are even and odd parts of Z 2 -graded ring ∧R n respectively, and
This shows that the structure sheaf carries a R[ν • ]-module structure where R[ν • ] is the polynomials ring generated by ν • with ν 2 • = 1. In fact, the action of R[ν • ] is completely determined by ν • ξ := ν(ξ) for each ξ ∈ ∧R n . We denote a ν-domain of dimension m|n by ν R m|n . Although not being unique, but such an involution exists. See [2] , [11] and [12] for more details. A morphism between two ν • -domains is a morphism between two super ringed spaces, such that it preserves the above R[ν • ]-module structure.
The notion of ν-Grassmannians is introduced in [2] . which we shall now discuss briefly. By a ν-Grassmannian ν G k|l (m|n), we mean a supermanifold, with structure sheaf O, which is constructed by gluing ν-
Let I ⊂ {1, · · · , m} and R ⊂ {1, · · · , n} be sorted subsets in ascending order, with p and q elements respectively such that p + q = k + l. The elements of I are called even indices and the elements of R are called odd indices. In this case, I|R is called a p|q-index. Let each domain U I|R be labeled by an even k|l × m|n supermatrix, say A I|R . Let J ⊂ {1, · · · , m} and S ⊂ {1, · · · , n} be arbitrary subsets, then by M J|S A I|R , we mean the matrix obtained by the columns of A I|R with indices in J ∪S together. For each A I|R , we also assume that, except for columns with indices in I ∪ R, which together form a minor denoted by M I|R A I|R , the even and odd blocks are filled from up to down and left to right by x Thus {x 1 , e 1 , e 2 , e 3 , x 2 , x 3 } is the corresponding total ordered set of generators. If p = k, then M I|R A I|R is a k|l × p|q supermatrix as follows: Let M I|R A I|R be partitioned into four blocks B i , i = 1, 2, 3, 4, as above. All entries of this supermatrix except diagonal entries are zero. In addition, diagonal entries are equal to 1 if they place in B 1 and B 4 and are equal to 1ν if they place in B 2 and B 3 , where 1ν is a formal symbol. One may consider it as 1 among odd elements. Nevertheless we learn how to deal with it as we go further. Such supermatrix is called a non-standard identity. All places in A I|R except for M I|R A I|R are filled by coordinates x I and e I according to the ordering, as stated above, from up to down and left to right. In this process, if an even element, say x, places in odd part then it is replaced by ν(x) and if an odd element, say e, places in even part then it is replaced by ν(e).
As an example, consider ν G 1|2 (2|3) and let I = {1, 2}, R = {2}, so I|R is an 2|1-index. In this case, A I|R is as follows:  For example in ν G 1|2 (2|3) suppose I = {1}, R = {1, 2}, J = {1, 2}, S = {3} , so I|R is a 1|2-index and J|S is a 2|1-index. We have
Let I|R be a standard index and J|S be a non standard index and let M ′ J|S A I|R be as above. By U I|R,J|S we mean the set of all points of U I|R , on which M ′ J|S A I|R is invertible. Obviously, U I|R,J|S is an open set. Now, we can define a coordinate transformation:
This map is obtained from the following equation:
It can be shown that the sheaves on U I|R and U J|S can be glued through these maps. By ( [10] , page 135), we have to show the next proposition.
Proposition 2.1. Let g * I|R,J|S be as above, then
Let (X, O) be the ringed space which is constructed by gluing (
ν -grassmannian as homogeneous superspace
In this section, we want to show that the ν-grassmannian ν G k|l (m|n) is a homogeneous superspace. According to [3] , [4] and [5] , it is sufficient to show that the super Lie group GL(m|n) acts on ν G k|l (m|n) transitively.
In [7] , we have shown that GL(m|n) acts on supergrassmannian G k|l (m|n) transitively. In this article, we use the same way as mentioned in [7] for constructing the action of GL(m|n) on ν G k|l (m|n). In the following, we construct the right action of GL(m|n) on ν G k|l (m|n).
By Yoneda lemma, for defining a morphism a :
for each supermanifold T , or equivalently define
where P is a fixed arbitrary element in GL(m|n)(T ). From now, we denote (a T ) P by A. Since GL(m|n) is a superdomain, each element P ∈ GL(m|n)(T ) may be considered as an invertible m|n×m|n supermatrix with entries in O(T ), as stated in the subsection 1.2 and it is denoted by [P] . But it is not the case for ν G k|l (m|n)(T ). So the action of GL(m|n) on ν G k|l (m|n) should be constructed locally. Indeed, one may define the actions of GL(m|n) on ν-domains (U I|R , O I|R ) and then show that these actions glued together to construct the action A. Let X be an element of U I|R (T ) where I|R is an arbitrary index. We have to introduce the k|l × m|n supermatrix, denoted by [X ] I|R corresponding to the morphism X as follows: Except for columns with indices in I ∪ R, the even and odd blocks are filled from up to down and left to right by f i , g j 's
according to the ordering (2.1), where (x i ; e j ) is the global coordinates of the superdomain U I|R . The columns with indices in I ∪ R form an identity and non-standard identity matrix, if p = k and p = k respectively.
From left side of (3.1), we have: 
If J|S is a p|q-index with p > k, then one has
where C t ,C t are the columns of [ψ] I|R [P] . We can also write
J|S is given as follows;
where Id jr is a columnar supermatrix with the only one nonzero entry equals 1 on r-th row, if 1 ≤ r ≤ k, and equals 1ν if k +1 ≤ r ≤ p. In addition Id st is a columnar supermatrix with the only one nonzero entry equals to 1 on the (k + t) − th row for each 1 ≤ t ≤ q. One can write
Letp 1 andp 2 be the matrices corresponding to subspaces p 1 and p 2 respectively. As an element of ν G k|l (m|n)(T ), one can representp T as followŝ
where T is an arbitrary supermanifold. For surjectivity, let
be an arbitrary element. We have to show that, there is an element V ∈ GL(m|n)(R 0|r ) whichp T V = W. Becausep 1 is in G k (m) and also A is a matrix with rank k and the Lie group GL(m) acts on the manifold G k (m) transitively then there exists an invertible matrix H m×m ∈ GL(m) such thatp T H = A. Similarly one may see that there exists an invertible matrix Q n×n ∈ GL(n) thatp 2 Q = D. In addition, equationsp 1 Z = B andp 2 Z ′ = C have solutions. Let M m×n and N n×m be the solutions of these equation respectively. Clearly, one can see
So ν G k|l (m|n) is a homogeneous superspace by proposition 1.6.
A New Super Lie group
Let ν G k|l (m|n) be a ν-grassmannian and a : ν G k|l (m|n)×GL(m|n) → ν G k|l (m|n) be the action from the Lie super group GL(m|n) on the supermanifold ν G k|l (m|n) introduced in the last section. According to proposition 2.1, there exist reduced and infinitesimal actions
Let X ∈ Vec( ν G k|l (m|n)) be a right invariant vector field associated to action a (Definition 1.12), and let Vec ν G k|l (m|n) be the set of all right invariant vector fields X on ν G k|l (m|n) such that for eachX, coordinate representation of X, one hasX • ν = ν •X. Clearly, Vec( ν G k|l (m|n)) is a super Lie algebra. One can show that Vec ν G k|l (m|n) is a super Lie subalgebra of Vec( ν G k|l (m|n)). Set
Because ρ a is a super Lie algebra morphism, so h is a super Lie algebra. One can show that Vec ν G k|l (m|n) is a nontrivial subalgebra of Vec ν G k|l (m|n) . Thus h = h 0 ⊕ h 1 is a nontrivial subalgebra of gl(m|n).
First, we show that Vec ν G k|l (m|n) has a nonzero element. To this end, we give an example for which Vec ν G k|l (m|n) is not trivial. The supermanifold ν G 0|1 (1|2) is constructed by gluing superdomains U 1 , U 2 and U 3 with 0|1×1|2-matrices A 1 , A 2 and A 3 as their labels respectively, where U i = U Ii|Ri , i = 1, 2, 3. By section 2, I i ⊂ {1} and R i ⊂ {1, 2} such that the sum of the numbers of their elements is equal to 1. So one may has
Therefore all coordinate transformation g * I|R may be defined as stated in section 2. For example it is easily seen that the coordinate transformation g Let J be the sheaf of nilpotent elements of O, the structure sheaf of ν G 0|1 (1|2). It is seen that the sheaf of sections of ξ is isomorphic to O/J 2 . Thus the equations in (4.1) show that ξ is the mobius band considered as a line bundle over S 1 . We have to show that there exists a right invariant vector field on ν G 0|1 (1|2) associated to action ν G 0|1 (1|2) × GL(1|2) → ν G 0|1 (1|2) such that their coordinate representations commute with ν. For this, let X 1 be a right invariant vector field on Lie group S 1 . Then X 1 determines a right invariant vector field in Vec( ν G 0|1 (1|2)). To this end, since O ∼ = C ∞ S 1 ⊕ secξ, it is sufficient to show that X 1 inducesX 1 a covariant derivative on ξ. To proceed, we need to specify the sections of ξ as follows Let P : R → S 1 be the exponential map t → exp2π √ −1t. Since R is contractible, the pull back bundle P * ξ is a trivial line bundle. So one has secP * ξ ∼ = C ∞ (R). Therefore, one may show that there is a 1 − 1 correspondence between sections of ξ and P the set of smooth periodic functions, say f : R → R, with period 2, such that for each t ∈ R, f (t + 1) = −f (t).
On the other hand, since P is local diffeomorphism, X 1 defines Y a vector field on R as follows. Set Y (t) = P −1 * (X 1 (P(t)). Obviously, Y defines a derivations on P. So one gets a right invariant vector field in Vec( ν G 0|1 (1|2)). Thus Vec ν G 0|1 (1|2) = {0}.
Let h = h 0 ⊕h 1 , then h 0 is a Lie algebra. Let H 0 be the unique simply connected Lie Group such that h 0 = Lie(H 0 ). Proof. Let ad : h 0 → End(h) with X → ad X be the adjoint representation of h 0 and exp : h 0 → H 0 be the exponential map. Since End(h) is the set of even morphisms, so we have the map Exp : End(h) → Aut(h). See [9] for more details. One can define locally σ := Exp • ad • exp −1 . By Campbell-Hausdorff theorem σ is a homomorphism . Since H 0 is connected, σ may be defined globally on H 0 so it is a representation of H 0 over h. It is seen that (H 0 , h, σ) is a super Harish-Chandra pair.
We denote by H the super Lie group associate with this super Harish-Chandra pair. It is seen that H is a super Lie group associated to odd involution ν. So we call it ν-Lie Group. It can be shown that H acts on ν G k|l (m|n).
